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Abstract
We consider the one-loop effective potential at zero and finite temperature
in scalar field theories with anisotropic space-time scaling. For z = 2, there
is a symmetry breaking term induced at one loop at zero temperature and
we find symmetry restoration through a first-order phase transition at high
temperature. For z = 3, we considered at first the case with a positive mass
term at tree level and found no symmetry breaking effects induced at one-
loop, and then we study the case with a negative mass term at tree level where
we cannot conclude about symmetry restoration effects at high temperature
because of the imaginary parts that appear in the effective potential for small
values of the scalar field.
1 Introduction
Non-relativistic field theories in the Lifshitz context, with anisotropic scaling
between temporal and spatial directions, measured by the dynamical critical
exponent, z,
t→ bzt, xi → bxi, (1)
have been considered recently since they have an improved ultraviolet be-
havior and their renormalizability properties are quite different than conven-
tional Lorentz symmetric theories [1]–[4]. Various field theoretical models
and extensions of gauge field theories at the Lifshitz point have already been
considered [5].
When extended in curved space-time, these considerations may provide
a renormalizable candidate theory of gravity [6] and applications of these
concepts in the gravitational and cosmological context have also been widely
investigated [7].
We will consider here the case of a single scalar field in flat space-time.
The weighted in the units of spatial momenta scaling dimensions are [t] = −z
and [xi] = −1, with z the anisotropic scaling, and i = 1, ..., D the spatial
index (here we consider D = 3). The action with a single scalar field is
S =
∫
dtdDx
[
1
2
φ˙2 − 1
2
φ(−∆)zφ− U0(φ)
]
, (2)
with ∆ = ∂2i and [φ] =
D−z
2
.
In order to investigate the various implications of a field theory, in particle
physics and cosmology, it is particularly important to examine its symmetry
structure, both at the classical and the quantum level, at zero and finite tem-
perature, via the effective action and effective potential [8]– [10]. We should
note that, in order to get information on possible instabilities of the theory, we
study the one-loop, perturbative effective potential, given by the one-particle
irreducible diagrams of the theory, and not the full, non-perturbative, convex
effective potential given by the so-called Maxwell construction [11].
In a recent work [12], the effective potential for a scalar theory was con-
sidered for the case of z = 2 and it was shown that, at one loop order, there
is a symmetry breaking term induced quantum mechanically; also the finite
temperature effective potential was studied at one loop, and it was argued
that there is no symmetry restoration at high temperature.
We study the theory with z = 2 in Sec. 2 and find at zero temperature
a symmetry breaking term at one loop that agrees with the results of [12].
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However, we have also studied the finite temperature effective potential both
analytically and numerically, and have found the interesting result of sym-
metry restoration at high temperature through a first-order phase transition.
In view of the importance of symmetry breaking phenomena throughout field
theory and cosmology, we have also studied the situation for the case of z = 3
in Sec. 3: in the case of a positive or zero mass term in the tree level we found
no symmetry breaking terms induced at one loop. In the case of a negative
mass term at the tree level we calculated the full effective potential at high
temperature and found no symmetry restoration effects induced at one loop
because of the imaginary parts that appear in the effective potential for small
values of the scalar field.
2 Effective potential for z = 2 at zero and
finite temperature
We consider the action (2) with z = 2,
S =
∫
dtd3x
[
1
2
φ˙2 − 1
2
(∂2i φ)
2 − U0(φ)
]
. (3)
Here we have [φ] = 1/2 and U0(φ), the tree-level potential, is a polynomial
up to the weighted marginal power of φ (here the tenth). The one-loop
contribution to the effective potential,
U1 =
1
2
∫
d4k
(2pi)4
ln(k20 + k
4
i + U
′′
0 ) =
1
4pi2
∫
k2dk
√
k4 + U ′′0 (4)
(where, in the last equation, k2 = k2i ) can be evaluated with a cutoff Λ in the
spatial momentum via differentiation with respect to y = U ′′0 (primes denote
differentiation with respect to φ). We get
d2U1
dy2
= − 1
16pi2
1
y3/4
∫ ∞
0
dx
x2
(x4 + 1)3/2
(5)
and, using the boundary conditions
dU1
dy
(y = 0) =
Λ
8pi2
, U1(y = 0) =
Λ5
20pi2
, (6)
2
we get
U1(φ) =
1
8pi2
U ′′0 Λ − c(U ′′0 )5/4, (7)
where c = 1
4pi2
∫∞
0 dx
x2
(x4+1)3/2
= Γ(3/4)2/10pi5/2. The first term, which is
linearly divergent, can be renormalized with appropriate counterterms in the
potential, and the second term, which is generally negative, can lead to a
non-zero minimum, even if the original potential had a unique minimum at
φ = 0.
We consider here the case of a massless theory, with a single relevant op-
erator, U0(φ) =
λ
4!
φ4, and add the counterterms 1
2
Aφ2+ 1
4!
Bφ4. The condition
U ′′(0) = 0 eliminates the quadratic terms and, because of the infrared diver-
gence, the condition at a non-zero φ = α, U ′′′′(α) = λ, has been imposed.
Since [λ] = 3 and [φ] = 1/2, we write α2 = µ and λ = λ˜µ3, in terms of an
overall mass scale µ.
The full effective potential after renormalization is
U(φ) =
λ
4!
(
1− 15cλ˜
1/4
25 · 21/4
)
φ4 − c
(
λ
2
φ2
)5/4
. (8)
The full effective potential now has a non-zero minimum, and a mass
term will be generated after expansion around this minimum, but it should
be noted that the situation is not entirely analogous to the usual Coleman-
Weinberg mechanism, since the tree-level potential has a dimensionful pa-
rameter already. The situation is similar if other relevant operators with di-
mensionful couplings are considered (φ6 and φ8) but not if only the marginal
φ10 operator, with a dimensionless coupling is considered in the tree-level
potential. These results agree with the corresponding conclusions from [12].
We now proceed to the calculation of the finite temperature effects and show
that when the appropriate corrections to the effective potential are taken
into account, there appear to exist symmetry restoration effects at high tem-
perature, and indeed with a first-order phase transition.
The one-loop effective potential at finite temperature is [10]
U1T =
1
2β
∑
n
∫
d3k
(2pi)3
ln
(
4pi2n2
β2
+ E2
)
, (9)
where β = 1/T is the inverse temperature, E2 = k4+U ′′0 and the sum is over
non-negative integers, n. Using
∑
n
ln
(
4pi2n2
β2
+ E2
)
= 2β
[
E
2
+
1
β
ln(1− e−βE)
]
, (10)
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Figure 1: The exact expression for the effective potential as a function of φ
for the theory with z = 2, at one loop at zero and finite temperature. The
potential is plotted in units of µ5 and φ in units of µ1/2.The temperature
is in units of µ2, the lowest curve is the potential at zero temperature and
the other three curves are at increasing temperatures T˜ = 0.008, 0.01, 0.012
where T = T˜µ2 (we took λ˜ = 0.1).
the total effective potential can be written as U1T = U1 + UT , where U1
is the zero temperature contribution analyzed before and the temperature-
dependent part is
UT (φ) = T
∫
d3k
(2pi)3
ln
(
1− e−β
√
k4+U ′′
0
)
(11)
and is manifestly real for all values of φ. The total effective potential can
be plotted for various temperatures (at fixed λ) and the results indicate
symmetry restoration at high temperature with a first-order phase transition.
As an example, the full potential is plotted in Fig. 1 for various tem-
peratures. All quantities are rescaled in terms of appropriate powers of the
dimensionful constant µ introduced before: the potential in units of µ5, the
temperature in units of µ2 and φ in units of µ1/2. The results are shown for
temperatures T˜ = 0.008, 0.01, 0.012 where T = T˜µ2 (we took λ˜ = 0.1). Also
a constant, temperature-dependent term discussed below is not shown.
In [12] it was argued that no such phase transition takes place. However,
the conclusions of [12] were based on the examination of the second deriva-
4
tive of the potential at the origin. This is not an appropriate test at this
case because of the non-analytical terms that appear in the potential at the
finite-temperature limit. One can see the possible such terms that may arise
by considering an analytical approximation with an infrared momentum cut-
off for the effective potential at finite temperature: in order to obtain this
approximation, we can expand the logarithm in the previous equation and
write
UT (φ) = −
T 5/2
2pi2
∫
dx x2
∑
n
1
n
e−n
√
x4+β2U ′′
0 . (12)
Now, in the exponent in the previous expression, it turns out to be a good
approximation to use (x4 + a2)1/2 ≈ x2 + a2
2x2
(where a2 = β2U ′′0 ). The
integrand in (12) is maximum for values of x ≈ 1 (for small values of n) so
our approximation to consider the main contribution for x2 > a is valid since
we are interested in the high-temperature regime a << 1. It is definitely a
good approximation for large x, and, since for small x the exponential goes
to zero, it is equivalent to an effective infrared momentum cutoff. Then the
sum can be done with the help of the elementary integral
∫
dxe−c1x
2− c2
x2 =
1
2
√
pi
c1
e−2
√
c1c2 . We get
UT = −
T 5/2
8pi3/2
∑
n
(
1
n5/2
+
√
2a
n3/2
)
e−
√
2an. (13)
The sums can be expressed in terms of the polylog function Pν(w) =
∑
n
1
nν
wn,
with w = e−
√
2a. In the high-temperature regime, where a << 1, one can
expand around w = 1 using the Taylor expansions
P5/2(w) = ζ(5/2) + ζ(3/2)(w − 1) +
4
3
i
√
pi(w − 1)3/2 +O(w − 1)2, (14)
P3/2(w) = ζ(3/2) + 2i
√
pi(w − 1)1/2 + ζ(1/2)(w − 1) +O(w − 1)3/2, (15)
The leading terms of the final result at high temperature are
UT (φ) = −
ζ(5/2)
8pi3/2
T 5/2 +
23/4
12pi
T (U ′′0 )
3/4, (16)
which shows, besides a constant term, a second positive term, linear in the
temperature, which will dominate, in the high-temperature limit, the previ-
ous, symmetry-breaking, zero-temperature terms. The first, constant term
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is exact and is not shown in the figures. It corresponds to the black-body
radiation term that is proportional to T 4 in the usual Lorentz-invariant case
with z = 1. The second, non-analytical term was not found in [12], where the
condition with the second derivative of the potential at the origin was used
in order to determine the critical temperature. It is clear from the above
form of the potential that, since the extra term is non-analytical, and of the
form φ3/2 for the interaction λφ4, this condition cannot be used reliably in
this case.
In Fig. 2 we show the full effective potential in the analytical approxi-
mation with the infrared cutoff, with the same parameters as in Fig. 1, and
we see a flattening of the potential compared with the exact evaluation, the
general features of the phase transition, however, remain the same. In fact,
even the full quantitative features of the phase transition may be more appro-
priately investigated using a coarse-grained potential with an infrared cutoff
of the form used here [13]. It is clear from these results that one has the
interesting phenomenon of symmetry restoration at high temperature, with
a potential term that indicates a first-order phase transition.
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Figure 2: Same as Fig. 1, with the same parameters, using the analytical
approximation with the infrared cutoff of Eq. (16)
6
3 Effective potential for z = 3
In view of the previous results it would be interesting to investigate similar
effects in the case with anisotropic scaling z = 3; unfortunately we find no
indication of symmetry-breaking terms in one-loop order. The action (2)
with z = 3 is
S =
∫
dtd3x
[
1
2
φ˙2 − 1
2
(∂i∇2φ)2 − U0(φ)
]
(17)
where, now, [φ] = 0 and the potential, U0, can be an arbitrary function of φ.
Taking, for definitiveness,
U0(φ) =
1
2
m2φ2 +
1
4!
λφ4, (18)
with [λ] = [m2] = 6, one gets for the one-loop contribution to the effective
potential, with the momentum cut-off, Λ,
U1(φ) =
1
12pi2

Λ
√
Λ2 + U ′′0
2
+
U ′′0
2
ln(Λ +
√
Λ2 + U ′′0 )−
U ′′0
2
ln(
√
U ′′0 )

 ,
(19)
which, for large Λ, becomes
U1(φ) =
1
24pi2
[
U ′′0 ln(2Λ)−
U ′′0
2
lnU ′′0
]
. (20)
In the case of m2 > 0, where there is no symmetry breaking at tree
level, we add the counterterms 1
2
Aφ2+ 1
4!
Bφ4 and impose the renormalization
conditions U ′′(0) = m2 and U ′′′′(0) = λ, to get
U(φ) =
1
2
m2
(
1 +
1
48pi2
λ
m2
)
φ2 +
λ
4!
(1 +
3
48pi2
λ
m2
)φ4 − 1
48pi2
U ′′0 (φ) ln
U ′′0 (φ)
m2
.
(21)
One may take the m2 → 0 limit in this expression, remembering that the
dimensionless coupling constant, which is λ/m2, is to be kept fixed and small.
Doing that, one can easily see that the resulting potential is everywhere
positive, without signs of any symmetry-breaking effects (the same conclusion
holds for all positive values of m2).
In the case ofm2 < 0, where there is symmetry breaking at tree level, after
adding the same counterterms, we can take renormalization conditions at the
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minimum φ = σ, with σ2 = −6m2/λ. Imposing the conditions U ′(σ) = 0,
U ′′(σ) = −2m2, which preserve the tree level mass and minimum, we get
U(φ) =
1
2
m2
(
1− 1
96pi2
λ
m2
)
φ2 +
λ
4!
(1− 1
32pi2
λ
m2
)φ4 − 1
48pi2
U ′′0 (φ) ln
U ′′0 (φ)
U ′′0 (σ)
.
(22)
Now the finite temperature effective potential,
UT (φ) = T
∫
d3k
(2pi)3
ln
(
1− e−β
√
k6+U ′′
0
)
, (23)
can be calculated via
∂UT
∂a2
=
T 2
12pi2
∫
dx
1√
x2 + a2
1
e
√
x2+a2 − 1 , (24)
where a2 = β2U ′′0 , and expanded in the high-temperature limit using formulas
from [10]; the temperature-dependent part of the potential is
UT (φ) = −
T 2
36
+
T
12pi
√
U ′′0 (φ) +
U ′′0 (φ)
48pi2
ln
U ′′0 (φ)
cBT 2
− ζ(3)
384pi4
U ′′0 (φ)
2
T 2
+ · · · , (25)
where the first term is the φ-independent black-body radiation term, ln cB =
1 − 2γ + 2 ln 4pi, γ = 0.577..., and subsequent terms are of higher order in
U ′′0 (φ)/T
2. Only the second term in this expansion can lead to symmetry
restoration at high temperature, we see, however, that, for negative m2, one
cannot make any such conclusion because of the imaginary parts that appear
in the expression for the effective potential for values of φ near zero.
4 Comments
In this work we studied the symmetry breaking effects of the one-loop ef-
fective potential at zero temperature for theories of the Lifshitz type with a
single scalar field with anisotropic scaling z = 2 and z = 3, and the possible
symmetry restoration effects at high temperature.
In the case of z = 2 we found symmetry breaking terms induced at one
loop at zero temperature (in agreement with a previous work [12]) and we
studied the effective potential at finite temperature at one loop, both nu-
merically and analytically through an approximation that is equivalent to
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imposing an infrared cutoff, and may be useful for future studies of applica-
tions of these theories in other field theoretical or cosmological contexts. We
found the interesting effects of symmetry restoration at high temperature,
through an apparently first-order phase transition.
Because of the importance of symmetry breaking and restoration phe-
nomena in quantum field theory and cosmology we also studied the case
of scalar field theory with z = 3 but found no similar effects: in the case
where we have a positive or zero mass term at the potential at tree level we
calculated the one-loop contribution to the effective potential and found no
symmetry breaking terms induced at this level. In the case where there is a
negative mass term in the potential (with symmetry breaking at tree level)
we calculated the full effective potential at high temperature and found that
there is no conclusion of symmetry restoration at high temperature because
of the imaginary parts that appear in the expression for the effective potential
for values of the field near the origin.
In view of the above results it would be interesting to include gauge fields
and consider the symmetry breaking and restoration effects including gauge
field interactions in a future investigation.
Acknowledgements
We would like to thank Jean Alexandre for several discussions and for bring-
ing into our attention the results of [12].
References
[1] M. Visser, Phys. Rev. D80, 025011 (2009).
[2] B. Chen and Q. G. Huang, Phys. Lett. B683, 108 (2010).
[3] D. Anselmi and M. Halat, Phys. Rev. D76, 125011 (2007).
D. Anselmi, Annals Phys. 324, 874 (2009).
[4] R. Iengo, J. G. Russo and M. Serone, JHEP 0911, 020 (2009).
9
[5] P. Horava, Phys. Lett. B694, 172 (2010).
R. Dijkgraaf, D. Orlando and S. Reffert, Nucl. Phys. B824, 365 (2010).
J. Alexandre and A. Vergou, Phys. Rev. D83, 125008 (2011).
J. Alexandre and N. E. Mavromatos, Phys. Rev. D83, 127703 (2011).
A. Dhar, G. Mandal and S. R. Wadia, Phys. Rev. D80, 105018 (2009).
J. Alexandre, K. Farakos, P. Pasipoularides and A. Tsapalis, Phys. Rev.
D81, 045002 (2010).
J. Alexandre, K. Farakos and A. Tsapalis, Phys. Rev. D81, 105029
(2010).
J. E. Thompson and R. R. Volkas, Phys. Rev. D82, 116007 (2010).
K. Anagnostopoulos, K. Farakos, P. Pasipoularides and A. Tsapalis,
arXiv:1007.0355 [hep-th].
[6] P. Horava, JHEP 0903, 020 (2009).
P. Horava, Phys. Rev. D79, 084008 (2009).
P. Horava and C. M. Melby-Thompson, Phys. Rev. D82, 064027 (2010).
[7] E. Kiritsis and G. Kofinas, Nucl. Phys. B821, 467 (2009).
S. Mukohyama, JCAP, 0906, 001 (2009).
R. Brandenberger, Phys. Rev. D80, 043516 (2009).
R. G. Cai, L. M. Cao and N. Ohta, Phys. Rev. D80, 024003 (2009).
S. Mukohyama, K. Nakayama, F. Takahashi and S. Yokoyama, Phys.
Lett. B679, 6 (2009).
A. Kehagias and K. Sfetsos, Phys. Lett. B678, 123 (2009).
C. Charmousis, G. Niz, A. Padilla and P. M. Saffin, JHEP 0908, 070
(2009).
G. Koutsoumbas and P. Pasipoularides, Phys. Rev.D82, 044046 (2010).
M. Eune and W. Kim, Mod. Phys. Lett. A25, 2923 (2010).
D. Orlando and S. Reffert, Class. Quant. Grav. 26, 155021 (2009).
M. Jamil, E. N. Saridakis and M. R. Setare, JCAP 1011, 032 (2010).
G. Koutsoumbas, E. Papantonopoulos, P. Pasipoularides and
M. Tsoukalas, Phys. Rev. D81, 124014 (2010).
10
C. Soo, J. Yang and H. L. Yu, Phys. Lett. B701, 275 (2011).
J. Alexandre and P. Pasipoularides, Phys. Rev. D83, 084030 (2011).
[8] S. R. Coleman and E. J. Weinberg, Phys. Rev. D7, 1888 (1973).
[9] R. H. Brandenberger, Rev. Mod. Phys. 57, 1 (1985).
[10] L. Dolan and R. Jackiw, Phys. Rev. D9, 3320 (1974).
[11] C. Wetterich, Nucl. Phys. B352, 529 (1991).
J. Alexandre, arXiv:0909.0934 [hep-ph].
[12] M. Eune, W. Kim and E. J. Son, Phy. Lett. B703, 100 (2011).
[13] J. Berges, N. Tetradis and C. Wetterich, Phys. Rep. 363, 223 (2002).
11
